
Bernoulli

X ∼ Bernoulli(p), 0 ≤ p ≤ 1

fX(x) = px(1− p)1−x, x ∈ {0, 1}
E[X] = p Var(X) = p(1− p)

Binomial

X ∼ Binomial(n, p), 0 ≤ p ≤ 1

X
d
≡ Z1 + · · ·+ Zn, Zi

iid∼ Bernoulli(p)

fX(x) =
(n
x

)
px(1− p)n−x, x ∈ {0, 1, . . . , n}

E[X] = np Var(X) = np(1− p)

MX(t) = (pet + q)n, q = 1− p

Multinomial

X ∼ Multi(n, (p1, · · · , pk)T ), pj ≥ 0,
∑

pj = 1

fX(x) =
( n

x1 · · ·xk

)
px1
1 · · · pxk

k

xi = {0, · · · , n},
∑

xi = n

Geometric

X ∼ Geo(p), 0 < p < 1

Geo(p) = Negbin(1, p)

fX(x) = p(1− p)x−1, x ∈ {1, 2, . . . }
E[X] = 1/p Var(X) = (1− p)/p2

Negative Binomial

X ∼ Negbin(r, p), 0 < p < 1, r ∈ N

X
d
≡ Z1 + · · ·+ Zr, Zi

iid∼ Geo(p)

fX(x) =
(x− 1

r − 1

)
pr(1− p)x−r, x ≥ r, x ∈ N

E[X] = r/p Var(X) = r(1− p)/p2

MX(t) = (pet(1− qet)−1)r, t < − log q

Poisson

X ∼ Poisson(λ), λ ≥ 0

Poisson(λ) = lim
n→∞,np→λ

Binomial(n, p)

fX(x) = e−λλx/x!, x ∈ {0} ∪ N
E[X] = λ Var(X) = λ

MX(t) = e−λ+λet

Exponential

X ∼ Exp(1/λ), λ > 0

Exp(1/λ)
d
≡ Gamma(1, 1/λ)

First arrival time for Poisson(λt)

fX(x) = λe−λx, x > 0

FX(x) = 1− e−λx, x > 0

F−1
X (x) = −1/λ log(1− x), 0 < x < 1

E[X] = 1/λ Var(X) = 1/λ2

Gamma

X ∼ Gamma(α, β), α, β > 0

α ∈ N, X
d
≡ Z1 + · · ·+ Zα, Zi

iid∼ Exp(β)

Gamma(r, 1/λ) is rth arrival time for Poisson(λt)

Xi
iid∼ Gamma(αi, β),

∑
Xi ∼ Gamma

(∑
αi, β

)
fX(x) =

1

Γ(α)βα
xα−1e−x/β , x > 0

E[X] = αβ Var(X) = αβ2

MX(t) = (1− βt)−α , t < 1/β

Gamma Function∫ ∞

0
xα−1e−x dx

∆
= Γ(α), α > 0

Γ(x+ 1) = xΓ(x), Γ

(
1

2

)
=

√
π, Γ(1) = 1

Normal

X ∼ N(µ, σ2), σ > 0

Z2 ∼ χ2(1), Z =
X − µ

σ
∼ N(0, 1)

fX(x) =
1

√
2πσ

e−(x−µ)2/(2σ2)

E[X] = µ Var(X) = σ2

MX(t) = exp(µt+
1

2
σ2t2)

Dirichlet

Y1, . . . , Yk ∼ Dirichlet(α1, . . . , αk+1)

X1, . . . , Xk+1
iid∼ Gamma(αi, β), αi > 0

Yi =
Xi

X1 + · · ·+Xk+1
, i = 1, . . . , k

fY (y1, . . . , yk)

=
Γ(α1 + · · ·+ αk+1)

Γ(α1) · · ·Γ(αk+1)

k∏
i=1

y
αi−1
i

(1− y1 − · · · yk)αk+1−1I(yi>0, y1+···+yk<1)

k = 1, Y1 ∼ Beta(α1, α2)

Chi-square

X2
1 + · · ·+X2

r ∼ χ2(r), Xi
iid∼ N(0, 1), r > 0

χ2(r) = Gamma
( r
2
, 2
)

Student’s t

X =
Z√
V/r

∼ t(r), r > 0

Z ∼ N(0, 1), V ∼ χ2(r), Z ⊥ V

t(1)
d
≡ Cauchy(0, 1)

fX(x) =
Γ ((r + 1)/2)
√
rπΓ (r/2)

(
1 + x2/r

)−(r+1)/2

Cauchy

X ∼ Cauchy(µ, σ), σ > 0

= µ+ σZ, Z ∼ Cauchy(0, 1)
d
≡ t(1)

fX(x) =
1

πσ

(
1 +

(
x− µ

σ

)2
)−1

Snedecor’s F

X ∼ F(r1, r2) =
V1/r1

V2/r2

V1 ∼ χ2(r1), V2 ∼ χ2(r2), V1 ⊥ V2

F−1 ∼ F(r2, r1), t2(r) ∼ F(1, r)

fX(x) =
Γ ((r1 + r2)/2)

Γ (r1/2) Γ (r2/2)

(
r1

r2

)r1/2

xr1/2−1

(1 + r1x/r2)
(r1+r2)/2

I(x>0)

Fundamental Theorem of Normal Sampling

X1, X2, . . . , Xn
iid∼ N (µ, σ2)

(i)X ∼ N (µ, σ2/n)

(ii) s2 =
1

n− 1

∑
(Xi −X)2 ⊥ X

(iii)
(n− 1)s2

σ2
∼ χ2(n− 1)

Probability Integral Transformation

F is strictly increase, F (X) ∼ U(0, 1), F−1(U)
d
≡ X

U(r)
d
≡ 1− e−Z(r) , Zr ∼ Exp(1)

Uniform Order Statistics

X(1), . . . , X(n) ∼ U(0, 1)

X(r) ∼ Beta(r, n− r + 1)

(X(1), X(2) −X(1), . . . , X(n) −X(n−1))

∼ Dirichlet(1, · · · , 1)

Exponential Order Statistics

X(1), . . . , X(n) ∼ Exp(1), Zr
iid∼ Exp(1)

X(r)
d
≡
(
1

n
Z1 + · · ·+

1

n− r + 1
Zr

)
Definition of Order Statistics

X1, X2, . . . , Xn
iid∼ F (x), h(y) = F−1(1− e−y)

(X(r))
d
= (F−1(U(r)))

d
= (F−1(1−e−Z(r) ))

d
= h(Z(r))

Multivariate Normal Distribution

X
d
= µ+Σ1/2Z

fX(x) = |2πΣ|−n/2 exp

(
−
1

2
(x− µ)TΣ−1(x− µ)

)
mX(t) = exp(µT t+

1

2
tTΣt)

AX ⊥ BX ⇐⇒ AΣBT = O

X2|X1 = x1

∼Nq(µ2 +Σ21Σ
−1
11 (x1 − µ1),Σ22 −Σ21Σ

−1
11 Σ12)

Definition of Chi-quare

z ∼ Nk(0, I), zTAz ∼ χ2(r(A)) ⇐⇒ A2 = A

Convergence in Distribution

lim
n→∞

P (Xn ≤ x) = P (Z ≤ x) ∀x : x ∈ Conti(FZ)

lim
n→∞

P

(⋂
i

Xni ≤ xi

)
= P

(⋂
i

Zi ≤ xi

)
∀x : x ∈ Conti(FZ)

Central Limit Theorem

X1, . . . , Xn
iid∼ (µ, σ2),Var(X1) < ∞, Z ∼ N (0, 1)

√
n(Xn − µ)

σ

d→ Z ∀x

X1, . . . ,Xn
iid∼ (µ,Σ),Var(X1) < ∞,Z ∼ Nk(0,Σ)

lim
n→∞

P (
√
n(Xn − µ) ≤ x) = P (Z ≤ x) ∀x

Convergence in Probability

lim
n→∞

P (|Xn −X∞| > ϵ) = 0 ∀ϵ > 0

Xn
p→ c ⇐⇒ lim

n→∞
P (||Xn − c|| > ϵ) = 0 ∀ϵ > 0

⇐⇒ lim
n→∞

P (max |Xni − ci| > ϵ) = 0

⇐⇒ Xnj
p→ cj ∀j

Inequalities

Markov: X ≥ 0, P (X ≥ k) ≤
1

k
E(X)

Chevy: Var(X) < ∞, P (|X − µ| > k) ≤
1

k2
Var(X)

Jensen: φ is convex, φ(E(X)) ≤ E(φ(X))



∣∣∣∣∣MX(t)−
n∑

k=0

E(Xk)tk

k!

∣∣∣∣∣≤ E
[
min

(
|tX|n+1

(n+ 1)!
,
2|tX|n

n!

)]
Law of Large Numbers

X1, . . . , Xn
iid∼ E(X1) < ∞, Xn

p→ E(X1)

Delta Method

√
n(Xn − θ)

d−−−−→
n→∞

Z, ġ(θ) is Continous

√
n(g(Xn)− g(θ))

d−−−−→
n→∞

(ġ(θ))TZ

ρ4 = E

[(
X1 − µ

σ

)4
]
− 3

√
n(s2n − σ2)

d→ N (0, (ρ4 + 2)σ4)
√
n(sn − σ)

d→ N (0, (ρ4 + 2)σ2/4)


