
CH3. 단순선형회귀

yi = β0 + β1xi + ϵi, ϵi ∼ N (o, σ2)

β̂0+β̂1x̄ = ȳ, β̂0

∑
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∑
x2
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∑
xiyi

β̂0 = ȳ − β̂1x̄, β̂1 =
sxy
sxx

ei = yi − ŷi,
∑
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∑

xiei = 0
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∑
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=
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SST = syy, SSR = β̂2
1sxx
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=
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=
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sxxsyy
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CH4. 단순회귀에 관한 추론

Tθ =
θ̂ − θ0√
V̂ar(θ̂)

, θ̂ ± tα/2(df)

√
V̂ar(θ̂)

σ̂2 =
SSE

n− 2
= MSE,

√
σ̂2/σ2 ∼ χ2(n− 2)

E(SST) = β2
1sxx + (n− 1)σ2

E(SSR) = β2
1sxx + σ2

E(SSE) = (n− 2)σ2
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)
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(
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n
+
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sxx
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(
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1
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+
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(
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(
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))
CH5. 기초적 회귀분석의 기타 논제
(Box-Cox 변환)

z
(λ)
i =


yλi − 1

λ

1(∏
yλ−1
i

)1/n , λ ̸= 0

log yi · (
∏

yi)
1/n

, λ = 0

(측정오차)

yi = β0 + β1xi + ϵi, x∗
i = xi + δi

δi ∼ N (0, σ2
δ ) ⊥ ϵi, data : (yi, x

∗
i )

Assumption :
1

n

∑
(xi − x̄)2

p→ η2x

β̂1 =
sx∗y

sx∗x∗

p→ η2x
η2x + σ2

δ

β1

(두 회귀선의 비교)

y1j = β10 + β11x1j + ϵ1j , ϵ1j ∼ N (0, σ2)

y2j = β20 + β21x2j + ϵ2j , ϵ2j ∼ N (0, σ2)

(H0 : β11 = β21)

σ̂2 =
SSE1 + SSE2

(n1 − 2) + (n2 − 2)

Var(β̂11 − β̂21) = Var(β̂11) + Var(β̂21)

Tβ1 =
β̂11 − β̂21√(
1

sx1x1

+
1

sx2x2

)
σ̂2

∼ t(n1+n2−4)

(H0 : β10 = β20, β11 = β21)

Reduced form : yij = α0 + α1xij + ϵij

SSEF = SSE1 + SSE2, dfF = n1 + n2 − 4

SSER =
∑
i

∑
j

(yij − α̂0 − α̂1xij)
2,

dfR = n1 + n2 − 2

F =
(SSER − SSEF )/(dfR − dfF )

SSEF /dfF
H0∼ F(2, n1 + n2 − 4)

Required

(i)
SSEF

σ2
∼ χ2(dfF )

(ii)
SSER − SSEF

σ2
∼ χ2(dfR − dfF )

(iii) (SSER − SSEF ) ⊥ SSEF

(이차형식)

Under y ∼ N (µ,V ), A = AT

1. Q = yTAy ∼ χ2(r(A),
1

2
µTAµµµ)

⇔ AV is idempotent.

2.E(yTAy) = tr(AV ) + µTAµ

3.Cov(y,yTAy) = V (A+AT )µ

4.yTAy ⊥ By ⇔ BV A = O

5.yTAy ⊥ yTBy ⇔ AV B ∨BV A = O

Aj ,A =
∑

Aj are symmetric
yTAjy ∼ χ2(r(Aj),

1
2µ

TAµµµ)

yTAjy are independent

yTAy ∼ χ2(r(A), 1
2µ

TAµµµ)

⇔ I :


Two of (a), (b), (c) hold

(a) AjV is idempotent

(b) ∀i < j, AiV Aj = O

(c) AV is idempotent

II : (c) and r(A) =
∑

r(Aj)

(행렬의 미분)

∂(cTx)

∂x
= c,

∂(yTAy)

∂y
= (A+AT )y

(최소제곱법)

yn×1 = Xn×p′βp′×1 + ϵn×1

XTXβ̂ = XTy, β̂ = (XTX)−1XTy

CH6. 중회귀분석 기초

ŷ = Xβ̂ = X(XTX)−1XTy = Hy

H2 = H, HT = H, HX = X, H1 = H

y ∼ N (µ = Xβ, σ2In)

SST = yT

(
In − 1

n
Jn

)
y

SST

σ2
∼ χ2

(
n− 1,

1

2
µT

(
In − 1

n
Jn

)
µµµ

)
SSE = yT (In −H)y,

SSE

σ2
∼ χ2(n− p− 1)

SSR = yT

(
H − 1

n
Jn

)
y

SSR

σ2
∼ χ2

(
p,

1

2
µT

(
H − 1

n
Jn

)
µµµ

)
SSE ⊥ SSR,

MSR

MSE
∼ F(p, n− p− 1)

β̂ ∼ Nn(β, (X
TX)−1σ2)

(변수의 직교화)[
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−1
22

O I
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A21 A22

]
=

[
· O
· ·

]
y

n×1
= X1

n×(q+1)
β1

(q+1)×1

+ X2
n×(p−q)

β2
(p−q)×1[

XT
2 X2 XT

2 X1

XT
1 X2 XT

1 X1

] [
β̂2

β̂1

]
=

[
XT

2 y
XT

1 y

]
XT

2 (In −H1)X2β̂2 = XT
2 (In −H1)y

XT
2 (In −H1)

2X2β̂2 = XT
2 (In −H1)

2y

Let X2·1 = (In −H1)X2

X2·1은 X2 = X1γ1 + ϵ 의 잔차와 동일

XT
2·1X2·1β̂2 = XT

2·1y

β̂2은 y = X2·1γ2 + ϵ 의 γ̂2과 동일

β̂2은 e = X2·1γ2 + ϵ 의 γ̂2과 동일

CH7. 중회귀분석의 추론
(Gauss-Markov 정리)

β̂ = (XTX)−1XTy is BLUE

Let β̃ = β̂+Ay, Var(β̃)−Var(β̂) = σ2AAT

Var(β̃)−Var(β̂) positive definite

β̂j ∼ Nn(βj , ((X
TX)−1)(j+1) (j+1)σ

2)

(Cβ = m 의 검정)

β̃=argmin
β

{
(y −Xβ)T(y −Xβ) |Cβ = m

}
β̂ = argmin

β

{
(y −Xβ)T (y −Xβ)

}
SSE(β̃) = SSE(β̂) +Q

Q = (Cβ̂−m)T (C(XTX)−1CT )−1(Cβ̂−m)



Q

σ2
∼ χ2(r(C(XTX)−1CT ) = k, λ)

SSE(β̂) ∼ χ2(n− p− 1),SSE(β̂) ⊥ Q

F0 =
Q/k

SSE(β̂)/(n− p− 1)
∼ F(k, n−p−1, λ)

∑
i

ei =
∑
i

xijei =
∑
i

ŷiei = 0

CH8. 추정과 가설검정

SS(β̂0) = yT 1

n
Jny

β̂1 = (β0, . . . βq)
T , β̂2 = (βq+1, . . . βp)

T

SS(β̂2|β̂1) = yT (H −H1)y

SS(β̂1) = yTH1y

(H −H1)
2 = (H −H1), r(H −H1) = p− q

SS(β̂2|β̂1)

σ2
∼ χ2(p− q, λ)

λ=SS(β̂2|β̂1)β
T
2

[
XT

2X2−XT
2H1X2

]
β2/(2σ

2)

SSE ⊥ SS(β̂2|β̂1)

(Joint Confidence Region)

y = β0 + β1x1 + · · ·+ βpxp + ϵ

(β̂ − β)T (XTX)(β̂ − β)/σ2 ∼ χ2(p+ 1)

SSE ⊥ β̂

R =

{
β :

(β̂ − β)T (XTX)(β̂ − β)/(p+ 1)

SSE/(n− p− 1)

≤ Fα(p+ 1, n− p− 1)

}
(Simultaneous Confidence Interval)
1. Bonferroni Method

Aj = [βj |β̂j ± tα/2(p+1)

√
V̂ar(β̂j)]

P

 p⋂
j=0

Aj

 = 1− P

 p⋃
j=0

Ac
j

 ≤
p∑

j=0

P (Aj)

=

p∑
j=0

α

p+ 1
= α


